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2a well-posed problem. The boundary conditions for the shock problem is not in question since we may impose the
aforementioned jump conditions, expressed in terms of the Rankine-Hugoniot relations, to serve in the role of the
boundary conditions. Hence in this study of shock structure, we are able to focus on eects due only to the dierential
equations themselves and so examine the validity of our version of the uid equations.
In Sec. II, we recall the uid dynamical equations derived in paper I. Then, in Sec. III, the structure of one-
dimensional shock waves are computed and compared to analogous results obtained with the Navier-Stokes equations
as well as with experiments. The paper concluded with a brief discussion in Sec. V.
II. STATEMENT OF THE EQUATIONS
In paper I we proposed a modication of the usual asymptotic techniques for deriving uid equations from kinetic
theory. Our procedure avoids the simplication introduced by Chapman and Enskog [3] in which the results of lower
approximations are introduced into the higher approximations. When we proceed in this way, we obtain these uid
equations [4, 5, 6]:
@
t
 +r  (u) = 0 (2.1)
@
t
u+ u  ru+
1

r P= 0 (2.2)
@
t
T + u  rT +
2
3R
(P: ru+r Q) = 0 ; (2.3)
where  is the mass density, u is the average velocity of the particles in a uid element cell, and T is the temperature.
We assume that the gas is made up of identical, structureless particles with mass m so that R = k=m is the gas

















+ u  r ; (2.5)
and
 = RT (2.6)
















r  u Æ
ij
: (2.7)
and for the heat current, we have

















RT for the relaxation model.
By contrast, in the Navier-Stokes equations with no bulk viscosity, one has
P= RTI  E : rru (2.9)
and
Q =  r lnT : (2.10)
3III. SHOCK THEORY
A. Basic equations
As inidcated in Fig. 1, when the velocity of the ow in the upstream (x !  1) exceeds the sound speed of the
medium, a shock front forms. In a frame comoving with the shock front, we see a steady shock layer, whose structure
is determined by the upstream thermodynamic quantities and the dissipation mechanism. The structure of the shock
wave provides a straightforward test of the equations.
1(ρ  , v   T )1 1,
shock layer
upstream






FIG. 1: The schematic diagram of a shock wave
Let us use subscripts 1 and 2 to denote values at large distances upstream (x !  1) and downstream (x ! 1)
of the shock front, with u = (v(x); 0; 0),  and T as functions of only x. In the frame comoving with the shock front,
we have @
t























































is the x^x^ component of the viscous stress tensor, and Q
1
is the x^ component of the heat current.
The simple form of the right sides of these equations results from the vanishing of the derivatives of the uid variables
far from the shock.


























































We nondimensionlize these equations using v
1
as the unit of speed T
1
as unit of temperature and the mean free
path 
1




























































and  = 5=3.
We see in from (2.6) that the viscosity is  = p, where  is the mean ight time of the particles. In turn,  is
the mean free path over the mean speed, which is the local speed of sound. Here, we adopt the simplest form of the










where s is a parameter that is adjusted according to the nature of the constituent particles. For argon, s = 0:816
has often been used [3], but Kestin et al. [17] suggest that s = 0:64 is a better value for argon. We shall adopt the




when the Boltzmann collision term is used, we obtain a slightly dierent value in better agreement with experiment.
As the dierence results from the atomic model rather than to uid dynamical issues, we shall adopt the formula
 = 15RT=4 to remove the eects of the inaccuracy of the atomic model.












































where the primes indicate dierentiation with respect to X.











































































































B. Critical Mach number
Before carrying out the numerical integration of equations (3.13) (3.14), we examine them to draw some general
conclusions. First, we observe that, since the x-derivatives of w and  vanish far upstream and downstream, the
right sides of equations (3.13)-(3.14) (as well as of (3.15)-(3.16)) must vanish there. These conditions provide two






























5Our aim is to nd solutions that connect the two xed points. However, in the case of our equations, though the
xed points must occur at the locations just found in the (w; ) plane, those locations need not be xed points: the
left sides of (3.13)-(3.14) may vanish when the determinant of the matrix of the coeÆcients of the derivatives vanishes.


























w   =w 2

(3.18)




If we can solve (3.17)-(3.18) to obtain explicit expressions for the derivatives, we can then solve the coupled rst-
order ordinary dierential equations to nd solutions connecting the xed points. This is possible if the determinant















2  2:12. We cannot solve
for the derivatives when M
1
exceeds this value and so the theory breaks down above this value.












< 0 near the upstream, which is true for our case here,
it will be impossible to match the downstream values monotonically. This happens for any hyperbolic system, as
is commonly seen in moment formalisms [16] and rst noticed in Grad's 13-moment method. Interestingly, it is
numerically veried [16, 18] that only when the largest upstream critical Mach number is surpassed, does the above
situation happen. As more and more moments are included, the largest critical Mach number becomes larger and
larger, which in a sense partly relaxes the constraints on the application to shock study with moment method. It
is thus expected that with the higher-order terms included in our formalism, the range of the Mach number will be
extended. Nevertheless, the constraints on the Mach number is not due to the expansion scheme, but due to the
nature of the relaxational model. In a following paper, we shall show that, when classical Boltzmann integral is used
in place of the relaxation term, the constraints on Mach number will be removed. However, physically, information
speed can not be innite, which indicates that the nal version of hydrodynamics must be of hyperbolic nature.
Intuitively, this issue can only be addressed consistently under the frame of relativity. Amazingly, when our modied
Hilbert expansion is applied to relativistic Boltzmann equation [6], a causal hydrodynamics which has constraints
on the Mach number originated from relativity is obtained. Such a hydrodynamics is free of the stability problem
and causality problem inherent in the Steward-Israel version of hydrodynamics [19, 20], the relativistic counterpart
of N-S formalism. For our present purpose, we are content with the nonrelativistic version. The major concern here
is whether the accuracy is improved when Knudsen number is not small.
C. Comparisons
We integrate the equations (3.13)(3.14) with dierent Mach number and make comparisons on the following
aspects.
1. Shock proles
In order to facilitate the comparison, let us rst introduce quantities dP and dQ which are dened as the dierence






















For one-D ow, we obtain
P = P x^x^ ; (3.22)
Q = Qx^ (3.23)

















































































From the above denitions, we see that dP is equivalent to the bulk viscous pressure and dQ accounts for the extra
heat current due to the non-adiabatic eect, both of which are taken as zero in the derivation of N-S formalism. Such
an approximation is not justied when Knudsen number is not small, as will be shown in the following.
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FIG. 2: Density proles with Mach number M=1.5
Figures 24 show the density, velocity and temperature proles with M
1
= 1:5. It is seen that the proles with the
modied hydrodynamics are wider than those with N-S formalism. Such a trend is a well-known fact and has been
veried experimentally.
The dierence in the proles are due to the nonzero dP and dQ, plotted in Fig. 5 and Fig. 6, respectively. A simple
estimation shows that the dissipation due to these two extra eects increases monotonically from the downstream to
the upstream, which tends to lower the gradients of the thermodynamical variables and results in a wider shock. Such
eects become more noticeable when Mach number is larger, as is shown in Figs. 711, where the same quantities as
those in Figs. 26 are plotted but with M
1
= 2. Compared to the case with M
1
= 1:5, the proles are steeper and
more asymmetric. The dierence of the two versions of hydrodynamics is now more signicant due to the increase in
the Knudsen number with the Mach number. From Figs. 10 11, it is clear that the bulk viscous pressure and the
non-adiabatic heat current are no longer negligible.
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FIG. 3: Velocity proles with Mach number M=1.5
X



















FIG. 4: Temperature proles with Mach number M=1.5
2. Inverse thickness, asymmetry and T - separation



















are the upstream and
downstream values, respectively.



























Finally, the temperature-density separation 
T
is dened as the distance between the medium value points of
temperature and density.
Figure 12 shows the inverse thickness versus Mach number. The experimental data for Argon and Xeron are also
shown. Concluded from the plot, the modied hydrodynamics results in a wider shock for a given Mach number. In
comparison with the experimental data and the direct Monte Carlo simulation results(for full Boltzmann equation),
8X












FIG. 5: dP proles with Mach number M=1.5
X









FIG. 6: dQ proles with Mach number M=1.5
the accuracy is signicantly improved. The physical explanation for the wider shock is as follows. The process-
dependent bulk viscosity causes extra dissipation, which, combined with the non-adiabatic eect, makes the gradients
of thermodynamic variables smoother and thus widens the shock.
As for the asymmetry parameter, in the case of M
1
= 2:0, N-S formalism gives A
s
= 1:25, the modied one gives
A
s
= 0:83, which is closer to the experimental data 0:93. Aside from the quantitative improvement, the modied
version also becomes qualitatively consistent with the experiment, i.e. A
s
should be smaller than unity.
For the same Mach number M
1
= 2:0, N-S leads to a temperature-density separation of 1:04, whereas the modied
version leads to 1:67 and the experimental data for Argon is 1:50 [8].
IV. CONCLUSIONS AND DISCUSSIONS
We have showed that the modied Hilbert expansion leads to a hydrodynamics of higher accuracy than that from the
classic Chapman-Enskog expansion. In the study of rapid variation such as high-frequency sound wave propagation,
this modied hydrodynamics provides a result consistent with experiment. The tting is uniformly good for all range
of Knudsen number. For the study of shock wave structures, within the range of its critical Mach number, it provides
results comparable to those from direct Monte Carlo simulation. The physics underlying the new expansion scheme is
that it relaxes the requirement that the gradient terms be small as is the case in CEE. This makes the method capable
of deriving macroscopic equations valid for processes far from equilibrium. As we have seen in the shock structure
study, the extra dissipation caused by the new mechanism of gradient of density smoothes the density prole. Such
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FIG. 8: Velocity proles with Mach number M=2.0
a non-adiabatic dissipation is omitted in the Navier-Stokes formalism due to the extra constraints enforced by the
CEE procedure in the derivation. As is discussed in section III, the existence of the critical Mach number is caused
by the relaxation model we adopted for the kinetic equation. In one of our following papers [26] we will show that,
when the Boltzmann collisional integral is used in place of the relaxation term, such a constraint on Mach number
is removed. However, a consistent hydrodynamics satisfying causality principle yet without extra constraint beyond
relativity on the possible Mach number can only be formulated with the relativistic Boltzmann equation, as will be
shown in Ref. [27].
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